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The generating function of Eulerian polynomial HnðxjuÞ is deﬁned by
1 u
et  u e
xt ¼
X1
n¼0
HnðxjuÞ t
n
n!
; ð1:1Þwhere u 2 C with u – 1. In the special case, x ¼ 0, Hnð0juÞ ¼ HnðuÞ is called the nth Eulerian number (see [1,2,4,7,8]).
Sometimes that is called the nth Frobenius–Euler number.
In [5], Kim constructed a nonlinear ordinary differential equation with respect to t which was related to the generating
function of Eulerian polynomial. Some identities on Eulerian polynomials of higher order were derived using the differential
equation. In [2], Choi considered nonlinear ordinary differential equations with respect to u not t to obtain different identities
on Eulerian polynomial.
The generating function of q-Euler polynomial with weight 0 is deﬁned by2
qet þ 1 e
xt ¼
X1
n¼0
eEn;qðxÞ tnn! ; ð1:2ÞandeE0;q ¼ 21þ q ; qðeEq þ 1Þn þ eEn;q ¼ 0; if n > 0; ð1:3Þ
with the usual convention of replacing eEnq by eEn;q. In the case, x ¼ 0; eEn;qð0Þ ¼ eEn;q is the nth q-Euler number with weight 0
(see [3,6,8]). Here q is a complex number with jqj < 1. As q! 1, we obtain the well-known deﬁnition of Euler polynomials
from (1.2) and (1.3).
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ential equation. The high order ordinary differential equation was used to obtain some identities on q-Euler polynomials of
higher order.
As the well-known deﬁnition, Bernoulli polynomial BnðxÞ is given byt
et  1 e
xt ¼
X1
n¼0
BnðxÞ t
n
n!
; ð1:4Þwith the usual convention of replacing BnðxÞ by BnðxÞ. In the case, x ¼ 0;Bnð0Þ ¼ Bn is the nth Bernoulli number.
For N 2 N, Bernoulli polynomial of order N is deﬁned by the generating function as follows:BNðt; xÞ ¼ t
et  1
 
     t
et  1
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Ntimes
ext ¼
X1
n¼0
BðNÞn ðxÞ
tn
n!
: ð1:5ÞIn the case, x ¼ 0;BðNÞn ð0Þ ¼ BðNÞn is called the nth Bernoulli number of order N.
In Section 2, we construct a nonlinear ordinary differential equation with respect to t. This work is more complicated than
the case of Eulerian numbers and polynomials. Because it seems impossible that we obtain a differential equation directly
from the recurrence relations of coefﬁcients of kth derivatives of generating function of Bernoulli numbers. To overcome this
situation, we introduce new recurrence relations that are sufﬁcient conditions of the original recurrence relations. From this
recurrence relations, we obtain an ordinary differential equation and solve it.
In Section 3, we give some identities on higher order Bernoulli polynomials using ordinary differential equations.
2. Construction of nonlinear differential equations
We deﬁne thatB ¼ BðtÞ ¼ t
1 et : ð2:1ÞBy differentiating (2.1) with respect to t, we getB2 ¼ tBð1Þ þ ðt  1ÞB: ð2:2ÞBy differentiating (2.2) with respect to t, we get2B3 ¼ t2Bð2Þ þ ð3t2  2tÞBð1Þ þ ð2t2  3t þ 2ÞB: ð2:3ÞContinuing this process, we getN!BNþ1 ¼
XNþ1
k¼1
akðN; tÞBðNkþ1Þ ¼ a1ðN; tÞBðNÞ þ a2ðN; tÞBðN1Þ þ    þ aNðN; tÞBð1Þ þ aNþ1ðN; tÞB; ð2:4Þwhere BðNÞ ¼ dNB
dtN
.
Let us consider the derivative of (2.4) with respect to t to ﬁnd the recurrence relation of the coefﬁcient akðN; tÞ in (2.4). By
differentiating (2.4) with respect to t and multiplying by t, we obtaintðN þ 1Þ!BNBð1Þ ¼ t
XNþ1
k¼1
akðN; tÞBðNkþ2Þ þ ddt akðN; tÞB
ðNkþ1Þ
 
: ð2:5ÞFrom (2.2), we have that the left hand side of (2.5) isLHS ¼ ðN þ 1Þ!BNtBð1Þ ¼ ðN þ 1Þ!BN B2 þ ð1 tÞB
 
¼ ðN þ 1Þ!BNþ2  ðN þ 1Þðt  1ÞN!BNþ1; ð2:6Þand the right hand side of (2.5) isRHS ¼
XN
k¼0
takþ1ðN; tÞBðNkþ1Þ þ
XNþ1
k¼1
t
d
dt
akðN; tÞBðNkþ1Þ: ð2:7ÞBy (2.4), (2.6) and (2.7), we get
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XNþ1
k¼1
akðN; tÞBðNkþ1Þ þ
XN
k¼0
takþ1ðN; tÞBðNkþ1Þ þ
XNþ1
k¼1
t
d
dt
akðN; tÞBðNkþ1Þ
¼
XN
k¼1
ðN þ 1Þðt  1ÞakðN; tÞ þ takþ1ðN; tÞ þ t ddt akðN; tÞ
 
BðNkþ1Þ
þ ðN þ 1Þðt  1ÞaNþ1ðN; tÞ þ t ddt aNþ1ðN; tÞ
 
Bþ ta1ðN; tÞBðNþ1Þ
¼
XNþ2
k¼1
akðN þ 1; tÞBðNkþ2Þ ¼
XN
k¼1
akþ1ðN þ 1; tÞBðNkþ1Þ þ aNþ2ðN þ 1; tÞBþ a1ðN þ 1; tÞBðNþ1Þ: ð2:8ÞBy comparing coefﬁcients on both sides of (2.8), we obtain the recurrence relations:a1ðN þ 1; tÞ ¼ ta1ðN; tÞ; ð2:9Þ
aNþ2ðN þ 1; tÞ ¼ ðN þ 1Þðt  1ÞaNþ1ðN; tÞ þ t ddt aNþ1ðN; tÞ; ð2:10Þ
akþ1ðN þ 1; tÞ ¼ ðN þ 1Þðt  1ÞakðN; tÞ þ takþ1ðN; tÞ þ t ddt akðN; tÞ; ð2:11Þfor 1 6 k 6 N and akðN; tÞ ¼ 0 for k > N þ 1 or k < 1.
We note that (2.9) and (2.10) come from (2.11) in cases of k ¼ 0 and k ¼ N þ 1, respectively.
By mathematical induction and (2.2), we know that akðN; tÞ is an Nth order polynomial of t containing k terms and its the
lowest order is N  kþ 1.
Let us introduce another recurrence relations:akðN; tÞ ¼ bkðNÞtN  ðN  kþ 2Þ ak1ðN; tÞt ; for k ¼ 1;2; . . . ;N þ 1: ð2:12Þ
bkþ1ðN þ 1Þ ¼ ðN þ 1ÞbkðNÞ þ bkþ1ðNÞ; for k ¼ 1;2; . . . ;N: ð2:13Þ
akðN; tÞ ¼ bkðNÞ ¼ 0; for k < 1 or k > N þ 1: ð2:14Þ
From (2.12), we getakðN; tÞ ¼ bkðNÞtN  ðN  kþ 2Þ1t bk1ðNÞt
N  ðN  kþ 3Þ ak2ðN; tÞ
t
 
¼
Xk1
l¼0
ð1ÞlNkþlþ1PlbklðNÞtNl; ð2:15Þ 
where nPk ¼ k! nk ¼
n!
ðnkÞ!.
From (2.13) and (2.15), we obtainðN þ 1Þðt  1ÞakðN; tÞ þ takþ1ðN; tÞ þ t ddt akðN; tÞ
¼
Xk1
l¼0
ðN þ 1Þð1ÞlNkþlþ1PlbklðNÞtNþ1l 
Xk1
l¼0
ðN þ 1Þð1ÞlNkþlþ1PlbklðNÞtNl þ
Xk
l¼0
ð1ÞlNkþlPlbkþ1lðNÞtNþ1l
þ
Xk1
l¼0
ð1Þl ðN  lÞNkþlþ1PlbklðNÞtNl
¼ ðN þ 1ÞbkðNÞ þ bkþ1ðNÞð ÞtNþ1 þ
Xk1
l¼1
ð1Þl ðN þ 1ÞNkþlþ1PlbklðNÞ þ NkþlPlbkþ1lðNÞ þ lNkþlPl1bkþ1lðNÞ
 
tNþ1l
þ ð1ÞkðNPk þ kNPk1Þb1ðNÞtNþ1k
¼ bkþ1ðN þ 1ÞtNþ1 þ
Xk1
l¼1
ð1ÞlNkþlþ1Plbkþ1lðN þ 1ÞtNþ1l þ ð1ÞkNþ1Pkb1ðNÞtNþ1k
¼
Xk
l¼0
ð1ÞlNþ1ðkþ1Þþlþ1Plbkþ1lðN þ 1ÞtNþ1l ¼ akþ1ðN þ 1; tÞ;for k ¼ 1;2; . . . ;N þ 1. It is used that nPk þ knPk1 ¼ nþ1Pk.
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To ﬁnd bkðNÞ, we setf ðx; yÞ ¼
X1
N¼1
XNþ1
k¼1
bkðNÞ x
N
N!
yk; ð2:16Þwhere jxyj < 1.
From (2.13), we haveX1
N¼1
XNþ1
k¼1
bkþ1ðN þ 1Þ x
N
N!
yk ¼
X1
N¼1
XNþ1
k¼1
ðN þ 1ÞbkðNÞ x
N
N!
yk þ
X1
N¼1
XNþ1
k¼1
bkþ1ðNÞ x
N
N!
yk: ð2:17ÞFrom (2.16) and the left hand side of (2.17), we haveX1
N¼1
XNþ1
k¼1
bkþ1ðN þ 1Þ x
N
N!
yk ¼
X1
N¼2
XNþ1
k¼2
bkðNÞ x
N
ðN  1Þ! y
k1 ¼
X1
N¼2
XNþ1
k¼1
bkðNÞ x
N1
ðN  1Þ! y
k1  b1ðNÞ x
N1
ðN  1Þ!
 !
¼
X1
N¼1
XNþ1
k¼1
bkðNÞ x
N1
ðN  1Þ! y
k1  b1ð1Þ  b2ð1Þy
X1
N¼2
xN1
ðN  1Þ! ¼
1
y
f 0  y ex; ð2:18Þwhere f 0 ¼ dfdx.
From (2.16) and the ﬁrst term of the right hand side of (2.17), we haveX1
N¼1
XNþ1
k¼1
ðN þ 1ÞbkðNÞ x
N
N!
yk ¼ x
X1
N¼1
XNþ1
k¼1
bkðNÞ x
N1
ðN  1Þ! y
k þ
X1
N¼1
XNþ1
k¼1
bkðNÞ x
N
N!
yk ¼ xf 0 þ f : ð2:19ÞFrom (2.16) and the second term of the right hand side of (2.17), we haveX1
N¼1
XNþ1
k¼1
bkþ1ðNÞ x
N
N!
yk ¼
X1
N¼1
XNþ2
k¼2
bkðNÞ x
N
N!
yk1 ¼
X1
N¼1
XNþ1
k¼1
bkðNÞ x
N
N!
yk1  b1ðNÞ x
N
N!
þ bNþ2ðNÞ x
N
N!
yNþ1
 !
¼ 1
y
f  ex þ 1: ð2:20ÞFrom (2.18)–(2.20), we obtain the ﬁrst order linear ordinary differential equation:f 0 þ yþ1xy1 f ¼ yðyþ1Þ1xy ; jxyj < 1;
f ð0; yÞ ¼ 0; y 2 R:
ð2:21ÞSince the integrating factor of (2.21) ise
R
yþ1
xy1dx ¼ eyþ1y lnð1xyÞ ¼ ð1 xyÞyþ1y ;we getð1 xyÞyþ1y f
 0
¼ yðyþ 1Þð1 xyÞ1y:Hence the solution of (2.21) isf ðx; yÞ ¼ y ð1 xyÞyþ1y  1
 
: ð2:22ÞWe note thatX1
l¼1
ðxyÞl
l
 !n
¼
X1
l1¼1
ðxyÞl1
l1
 !
    
X1
ln¼1
ðxyÞln
ln
 !
¼
X1
N¼n
X
l1þþln¼N
1
l1    ln
 !
xNyN : ð2:23ÞBy (2.22) and (2.23), we getf ðx; yÞ ¼ y eyþ1y lnð1xyÞ  1
 
¼ y
X1
n¼1
1
n!
yþ 1
y
 n
 lnð1 xyÞð Þn ¼
X1
n¼1
1
n!
Xn
m¼0
n
m
 
ymnþ1
 ! X1
l¼1
ðxyÞl
l
 !n
¼
X1
n¼1
Xnþ1
m¼1
n
m 1
 
ymn
n!
 ! X1
N¼n
X
l1þþln¼N
1
l1    ln x
NyN
 !
¼
X1
n¼1
X1
N¼n
Xnþ1
m¼1
X
l1þþln¼N
1
l1    ln
n
m 1
 
xN
n!
yNþmn
¼
X1
N¼1
XNþ1
k¼1
XN
p¼1
X
l1þþlp¼N
1
l1    lp
N!
p !
p
k ðN þ 1Þ þ p
 
xN
N!
yk:
ð2:24Þ
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XN
p¼1
X
l1þþlp¼N
1
l1    lp
N!
p !
p
k ðN þ 1Þ þ p
 
: ð2:25ÞFrom (2.15) and (2.25), we getakðN; tÞ ¼
Xk1
l¼0
ð1ÞlNkþlþ1Pl
XN
p¼1
X
l1þþlp¼N
1
l1    lp
N!
p !
p
k l ðN þ 1Þ þ p
 
tNl ¼
Xk1
l¼0
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1ÞlN!
ðp lÞ!
p l
N  ðk 1Þ
 
tNl: ð2:26ÞWe know that ðnÞ! ¼ 0, and n
r
 
¼ 0 for n > 0 and n < r.
Therefore, by (2.4) and (2.26), we obtain the following theorem.
Theorem 1. For N 2 N, let us consider the following nonlinear Nth order ordinary differential equation with respect to t:BNþ1 ¼
XNþ1
k¼1
Xk1
l¼0
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1Þl
ðp lÞ!
p l
N þ 1 k
 
tNlBðNkþ1Þ; ð2:27Þwhere BðnÞ ¼ dnBðtÞ
dtn
and BN ¼ BðtÞ      BðtÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}Ntimes. Then t1et is a solution of (2.27).
Let us deﬁne BðnÞðt; xÞ ¼ BðnÞext . Then we have the following corollary by (1.5).
Corollary 2. For N 2 N, we considerBNþ1ðt; xÞ ¼
XNþ1
k¼1
Xk1
l¼0
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1ÞNþ1þl
ðp lÞ!
p l
N þ 1 k
 
tNlBðNkþ1Þðt; xÞ: ð2:28ÞThen t1et e
xt is a solution of (2.28).3. Identities on the high order Bernoulli numbers and polynomials
From (1.4), (1.5) and (2.1), we getBNþ1 ¼ ð1ÞNþ1 t
et  1
 
     t
et  1
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ðNþ1Þtimes
¼ ð1ÞNþ1
X1
n¼0
BðNþ1Þn
tn
n!
; ð3:1ÞandB ¼  t
et  1 ¼ 
X1
n¼0
Bn
tn
n!
: ð3:2ÞFrom (3.2), we note thatBðkÞ ¼ d
kBðtÞ
dtk
¼ 
X1
n¼0
Bnþk
tn
n!
: ð3:3ÞWe set X
l1þþlp¼N
1
l1    lp ¼ CpN:By the case of k ¼ 1 in the right hand side of (2.27), we getXN
p¼1
CpN
ð1Þ
p !
p
N
 
tN
 ! X1
n¼0
BnþN
tn
n!
 !
¼
X1
n¼N
XN
p¼1
CpN
ð1Þn!
p !
p
N
 
Bn
ðn NÞ!
tn
n!
: ð3:4ÞIn the case of k ¼ 2 in the right hand side of (2.27), we getX1
l¼0
XN
p¼1
CpN
ð1Þlþ1
ðp lÞ!
p l
N  1
 
tNl
 ! X1
r¼0
BrþN1
tr
r!
 !
¼
XN
l¼N1
XN
p¼1
CpN
ð1ÞNþ1l
ðp ðN  lÞÞ!
p ðN  lÞ
N  1
 
tl
 ! X1
r¼0
BrþN1
tr
r!
 !
¼
XN
p¼1
CpN
ðN  1Þ!
ðp 1Þ!
p 1
N  1
 
BN1
tN1
ðN  1Þ! þ
X1
n¼N
XN
l¼N1
XN
p¼1
CpN
ð1ÞNþ1ln!
ðp ðN  lÞÞ!
p ðN  lÞ
N  1
 
BnlþN1
ðn lÞ!
tn
n!
:
ð3:5Þ
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l¼0
XN
p¼1
CpN
ð1Þlþ1
ðp lÞ!
p l
0
 
tNl
 ! X1
r¼0
Br
tr
r!
 !
¼
XN
l¼0
XN
p¼1
CpN
ð1ÞNþ1l
ðp ðN  lÞÞ!
p ðN  lÞ
0
 
tl
 ! X1
r¼0
Br
tr
r!
 !
¼
XN1
n¼0
Xn
l¼0
XN
p¼1
CpN
ð1ÞNþ1ln!
ðp ðN  lÞÞ!
p ðN  lÞ
0
 
Bnl
ðn lÞ!
tn
n!
þ
X1
n¼N
XN
l¼0
XN
p¼1
CpN
ð1ÞNþ1ln!
ðp ðN  lÞÞ!
p ðN  lÞ
0
 
Bnl
ðn lÞ!
tn
n!
:
ð3:6Þ
Adding the case of k ¼ 1;2; . . . ;N þ 1 included (3.4)–(3.6), we have that the right hand of (2.27) equalsXN1
n¼0
Xn
m¼0
Xn
l¼m
XN
p¼1
CpN
ð1ÞNþ1ln!
ðp ðN  lÞÞ!
p ðN  lÞ
m
 
Bnlþm
ðn lÞ!
tn
n!
þ
X1
n¼N
XN
m¼0
XN
l¼m
XN
p¼1
CpN
ð1ÞNþ1ln!
ðp ðN  lÞÞ!
p ðN  lÞ
m
 
Bnlþm
ðn lÞ!
tn
n!
:
ð3:7Þ
Therefore, by (2.27), (3.1), (3.3) and (3.7), we obtain the following theorem.
Theorem 3. For N 2 N, we have the following identities:
If n ¼ 0;1; . . . ;N  1, thenBðNþ1Þn ¼
Xn
m¼0
Xn
l¼m
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1Þln!
ðp ðN  lÞÞ!
p ðN  lÞ
m
 
Bnlþm
ðn lÞ! : ð3:8ÞIf n ¼ N;N þ 1; . . ., thenBðNþ1Þn ¼
XN
m¼0
XN
l¼m
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1Þln!
ðp ðN  lÞÞ!
p ðN  lÞ
m
 
Bnlþm
ðn lÞ! : ð3:9ÞFrom (1.5) and (3.1), we getBNþ1ðt; xÞ ¼ ð1ÞNþ1
X1
n¼0
BðNþ1Þn ðxÞ
tn
n!
¼ BNþ1ext ¼ ð1ÞNþ1
X1
n¼0
BðNþ1Þn
tn
n!
 ! X1
n¼0
xntn
n!
 !
¼ ð1ÞNþ1
X1
n¼0
Xn
s¼0
n
s
 
xnsBðNþ1Þs
 !
tn
n!
:
ð3:10Þ
Therefore, by (3.8)–(3.10), we obtain the following corollary.
Corollary 4. For N 2 N, we have the following identities:
If n ¼ 0;1; . . . ;N  1, thenBðNþ1Þn ðxÞ ¼
Xn
s¼0
Xs
m¼0
Xs
l¼m
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1Þls!
ðp ðN  lÞÞ!ðs lÞ!
p ðN  lÞ
m
 
n
s
 
xnsBslþm:If n ¼ N;N þ 1; . . ., thenBðNþ1Þn ðxÞ ¼ BðNþ1ÞN1 ðxÞ þ
Xn
s¼N
XN
m¼0
XN
l¼m
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1Þls!
ðp ðN  lÞÞ!ðs lÞ! 
p ðN  lÞ
m
 
n
s
 
xnsBslþm:From (1.4) and (1.5), we getX1
n¼0
BðNÞn
tn
n!
¼ t
et  1
 
     t
et  1
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Ntimes
¼
X1
s1¼0
Bs1
ts1
s1!
 !
    
X1
sN¼0
BsN
tsN
sN!
 !
¼
X1
n¼0
X
s1þþsN¼n
n!Bs1   BsN
s1!    sN !
 !
tn
n!
¼
X1
n¼0
X
s1þþsN¼n
n
s1; . . . ; sN
 
Bs1   BsN
 !
tn
n!
:
ð3:11ÞTherefore, by (3.8), (3.9) and (3.11), we obtain the following corollary.
Corollary 5. For N 2 N, we have the following identities:
If n ¼ 0;1; . . . ;N  1, thenX
s1þþsNþ1¼n
n
s1; . . . ; sNþ1
 
Bs1   BsNþ1 ¼
Xn
m¼0
Xn
l¼m
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1Þln!
ðp ðN  lÞÞ!
p ðN  lÞ
m
 
Bnlþm
ðn lÞ! :
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s1þþsNþ1¼n
n
s1; . . . ; sNþ1
 
Bs1   BsNþ1 ¼
XN
m¼0
XN
l¼m
XN
p¼1
X
l1þþlp¼N
1
l1    lp
ð1Þln!
ðp ðN  lÞÞ!
p ðN  lÞ
m
 
Bnlþm
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